MATH-SHU 350

Recitation 7: Martingale

Lecturer: Chenlin Gu

Exercise 1. Recall the following definitions in the course: filtration, adapted process, martingale
(submartingale, supermartingale), previsible process, stopping time.

Exercise 2. Prove that if (X,,)n>0 is a martingale, then (|X,|)n>0 is a submartingale.

Exercise 3. Let (X,,),>0 be i.i.d. random variables with mean . and variance o* < oo. Let
Fn =0(Xy,---,X,) be its natural filtration. We define that S,, :== ., X; — un. Show that:

1. (Sn)n>0 is a martingale;
2. If p = 0, then (S,)? — o*n is a martingale;
3. We define 1y := inf{n € N : S, > M}. Prove that Ty is a stopping time.

Exercise 4. Let (X,,),>2 be a sequence of independent random variables satisfying

= () ()

fork €{0,--- n}. Show that
1. 7 =inf{n € N: X,, > 1} is a stopping time with respect to the filtration F,, = 0(Xa, - , X,,).
2. 1 is almost surely finite.

Exercise 5. Suppose that (X,,),>0 is a submartingale and 7 is a stopping time with Pt < k] = 1.
Show that

E[X,] < E[X,] < E[X)].



